Simple alternating path problem  by Akiyama, Jin & Urrutia, Jorge
Discrete Mathematics 84 (1990) 101-103 
North-Holland 
101 
NOTE 
SIMPLE ALTERNATING PATH PROBLEM 
Jin AKIYAMA 
Department of Mathematics, Tokai University, Hiratsuka, Japan 
Jorge URRUTIA* 
Department of Computer Science, University of Ottawa, Ottawa, Ontario, Canada 
Received 2 February 1988 
Let A be a set of 2n points in general position on a plane, and suppose n of the points are 
coloured red while the remaining are coloured blue. An alternating path P of A is a sequence 
PI, Pzr , . > pzn of points of A such that pzi is blue and pIi+, is red. P is simple if it does not 
intersect itself. We determine the condition under which there exists a simple alternating path 
P of A for the case when the 2n points are the vertices of a convex polygon. As a consequence 
an O(n’) algorithm to find such an alternating path (if it exists) is obtained. 
1. Introduction 
Let A be a set of 2n points in general position in the Euclidian plane R*, and 
suppose n of the points are coloured red while the remaining are coloured blue. 
A celebrated Putnam problem posed in 1979 asserts that there are n pairwise 
disjoint straight line segments matching the red points with the blue points. An 
extension to higher dimensional cases is discussed in [l]. 
We are concerned with the following variation on this problem. Let 
211, v2, . . . , v, be points in the plane, colored red and blue. An alternating path is 
a permutation p 1 p2. . .p,, of these points such that all the pi’s with i odd are red 
and all the pi’s with i even are blue; the path is called simple if none of the 
line-segments pip2, p*p3, . . . , ~“-~p,, intersects another (except possibly at its 
endpoints). Is there a simple alternating path? The purpose of our note is to 
exhibit an algorithm that answers this question in O(n’) steps, provided that 
211, 212, * . . , v, are the vertices of a convex n-gon. 
There is a natural cyclic order on the vertices of a convex n-gon; we may 
assume that v1v2~ . . v,vl is this order. By a circular arc, we shall mean any 
sequence ViVi+l * * . v~+~-~ with subscripts interpreted modulo it (so that v,+i = vi 
etc.). It is easy to observe that each initial segment p1p2. - *pk of a simple 
alternating path p1p2 * * *pn is a permutation of some circular arc vivi+i. - . v~+~_~ 
such that pk is Vi Or Vj+k-1. This observation is the basis of our algorithm: we 
enumerate all circular arcs vivi+i. . .v~+~__~ that can be permuted into a simple 
alternating path plp2. * ‘pk such that pk is Vi or vj+k__l. Each circular arc with this 
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property will be stored by setting i E S,. For convenience, we shall write xi = 1 if 
2ri is red and xi = 0 if ZJi is blue; now the input of our algorithm is simply the 
zero-one sequence x,x2. 3 ..x,. 
The algorithm goes as follows. 
Slt{i:xj = l} 
for k = 2, 3, , . . , n do 
Sk+-e) 
for all i in S,_, do 
ifxi_,=kmod2thenaddi-ltoS,endif 
if x~+~-, = k mod 2 then add i to S, endif 
endfor 
endfor 
Clearly, the running time of the algorithm is O(n”); a simple alternating path 
exists if and only if S,, # 0 upon termination. 
For illustration, consider the input 0000001111001111: the algorithm produces 
S, = 17, 8, 9, 10, 13, 14, 15, 16}, 
S, = (6, 10, 12, 16}, 
S, = (6, 9, 12, 15}, 
s, = (5, 9, 11, 15}, 
S, = (5, 8, 9, 10, 11, 14}, 
S, = (4, 141, 
S, = (4, 13), 
s, = (3, 4, 12, 13}, 
s, = 0 
followed by S,, = S,, = S,, = S13 = S14 = S,, = S,, = 0. Hence there is no simple 
alternating path in this case. 
If the algorithm delivers a nonempty S, then we can find a simple alternating 
path p1p2* - .pn as follows: 
i tan arbitrary element of S,_, 
Pn t”i--l 
for k = n - 1, n - 2, . . . ,2 do 
if i E Sk-1 then pk +vi+k-l eke pk t vi, i + i + 1 endif 
endfor 
Simple alternating path problems 103 
For illustration, consider the input 000011100111: the algorithm produces 
S, = (5, 6, 7, 10, 11, 12}, 
& = (4, 7, 9, 121, 
& = (4, 6, 9, 11>, 
X, = (3, 6, 8, 111, 
S, = (3, 5, 6, 7, 8, 101, 
$5 = (2, 3, 4, 8, 9, 101, 
s, = (4, 7), 
s, = (3, 71, 
S, = (3, 61, 
&, = (2, 611 
&I = (2, 5), 
SI, = (1, 2, 4, 5). 
To find the simple alternating path, we may begin by setting i +2; this choice 
eventually yields the simple alternating path v 7 8 6 9 5 4 10 3 u u v 21 IJ v u IJ 11~2v12~1~ 
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